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The purpose of this paper is to investigate the effects of strain-stiffening for the classical
problems of axial and azimuthal shearing of a hollow circular cylinder composed of an
incompressible isotropic non-linearly elastic material. For some speciﬁc strain-energy den-
sities that give rise to strain-stiffening in the stress–stretch response, the stresses and
resultant axial forces are obtained in explicit closed form. While such results are well
known for classical constitutive models such as the Mooney–Rivlin and neo-Hookean mod-
els, our main focus is on materials that undergo severe strain-stiffening in the stress–
stretch response. In particular, we consider in detail two phenomenological constitutive
models that reﬂect limiting chain extensibility at the molecular level and involve con-
straints on the deformation. The amount of shearing that tubes composed of such materials
can sustain is limited by the constraint. Numerical results are also obtained for an expo-
nential strain-energy that exhibits a less abrupt strain-stiffening effect. Potential applica-
tions of the results to the biomechanics of soft tissues are indicated.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The purpose of this paper is to investigate the effects of strain-stiffening for the classical problems of axial and azimuthal
shearing of a hollow circular cylinder composed of an incompressible isotropic non-linearly elastic material. This problem
has been widely investigated within the theory of ﬁnite hyperelasticity largely motivated by applications to rubber. Such
shearing problems are also of considerable interest in the context of biomechanics of soft tissues. Our particular focus here
is on investigation of the stress response for special classes of constitutive models that give rise to severe strain-stiffening in
their stress–stretch curves at large strains. The constitutive models that we employ reﬂect limiting chain extensibility at the
molecular level and thus are appropriate for modeling non-crystallizing elastomers and soft biological tissues.
In the next section, we discuss some preliminaries from the theory of non-linear hyperelasticity for isotropic incompress-
ible solids. Two classes of phenomenological constitutive models that exhibit strain-stiffening at large strains are described.
The ﬁrst class reﬂects limiting chain extensibility at the molecular level and gives rise to severe strain-stiffening in the stress–
stretch response. The second class exhibits a less abrupt strain-stiffening, for example, the exponential models widely used
in biomechanics. In Section 3, we summarize results for the problems of axial and azimuthal shearing of a tube. These prob-
lems are classical problems solved by Rivlin (1949) for general incompressible isotropic elastic solids. In Section 4, we pro-
vide explicit expressions for the stresses and resultant axial force for the classical Mooney–Rivlin and neo-Hookean models.
Our main focus is on results for strain-stiffening models and these are described in Section 5. Explicit analytic results are
given for two limiting chain extensibility models that exhibit severe strain-stiffening. Such results are not available for. All rights reserved.
x: +1 434 982 4555.
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with those for the classical models in Section 6. Aside from its obvious application to shearing of rubber (see, e.g., Suh et al.,
2007 for a discussion of rubber tube springs), one of the motivations for the present work arises from the demonstrated po-
tential of the application of limiting chain extensibility models to the biomechanics of soft tissues (see, e.g., Horgan and Sac-
comandi, 2003b; Holzapfel, 2005). We refer to Humphrey (2002, 2003) and Taber (2004) for extensive discussions of the
applications of non-linear elasticity theory to many aspects of cardiovascular mechanics. In particular, as pointed out by
Humphrey (2002, p. 635), long cylindrical specimens are readily excised from papillary muscles and have been important
sources for biomechanical data. While shearing problems in ﬁnite elasticity have received relatively little attention in the
biomechanics literature, it is noted in Taber (2004, p. 257) that transverse shear of the heart wall may play a role in proper
functioning of the left ventricle.
2. Preliminaries
The mechanical properties of elastomeric materials are described in terms of a strain-energy density function W per unit
undeformed volume. On denoting the left Cauchy–Green tensor by B = FFT, where F is the gradient of the deformation and
k1,k2,k3 are the principal stretches, then, for an isotropic material, W is a function of the strain invariantsI1 ¼ trB ¼ k21 þ k22 þ k23; I2 ¼
1
2
½ðtrBÞ2  trðB2Þ ¼ k21k22 þ k22k23 þ k23k21; I3 ¼ detB ¼ k21k22k23: ð1ÞFor incompressible materials, the admissible deformations must be isochoric, i.e., detF = 1 so that I3 = 1. The response of an
incompressible isotropic elastic material is given by (see, e.g., Ogden, 1984; Beatty, 1987; Holzapfel, 2000)T ¼ p1þ 2 oW
oI1
B 2 oW
oI2
B1; ð2Þwhere p is a hydrostatic pressure term associated with the incompressibility constraint and T denotes the Cauchy stress.
The classical strain-energy density for incompressible rubber is the Mooney–Rivlin strain-energyWMR ¼ 1
2
l½aðI1  3Þ þ ð1 aÞðI2  3Þ; ð3Þwhere l > 0 is the constant shear modulus and 0 < a 6 1 is a dimensionless constant. When a = 1 in (3), one obtains the neo-
Hookean strain-energyWnH ¼ l
2
ðI1  3Þ: ð4ÞIt is well known that the theoretical predictions based on (3) do not adequately describe experimental data for rubber at
high values of strain. For example, the strain-energy (3) is not able to describe the signiﬁcant rapid rise in the load versus
stretch curve exhibited in simple tension experiments. Such severe strain-stiffening occurs even at moderate stretches for
soft biological materials (see, e.g., Humphrey, 2002, 2003; Holzapfel, 2005), and so in this case classical models are com-
pletely inappropriate. To model such stiffening, a number of alternative models have been proposed, for example, models
with limiting chain extensibility and strain-stiffening models of power-law or exponential type. Our emphasis is primarily
on the former.
Some phenomenological models that have been shown to be particularly useful in modeling severe strain-stiffening phe-
nomena are those reﬂecting a maximum achievable length of the polymeric molecular chains composing the material (see
Horgan and Saccomandi, 2006 for a review). More recent papers are those of Beatty (2007, 2008) who uses the term ‘‘limited
elastic” for such materials. For isotropic incompressible materials, these can be described by strain-energies of the form
W(I1, I2, I*) where I* is a limiting chain extensibility parameter. The function W is such that the stress components are un-
bounded as f (I1, I2, I*)? 0 for some speciﬁed function f and so one must impose the constraintf ðI1; I2; IÞ < 0 ð5Þ
on admissible deformations.
One of the simplest of these models was ﬁrst proposed by Gent (1996), namelyWG ¼ l
2
Jm ln 1
I1  3
Jm
 
; I1 < Jm þ 3; ð6Þ(henceforth called the basic Gent model), and one recovers the neo-Hookean model on taking the limit as Jm?1 in (6). We
note thatWG depends only on the ﬁrst invariant I1 and so is a generalized neo-Hookean material. It is well known that for such
models many problems in non-linear elasticity simplify considerably (see, e.g., Horgan and Saccomandi, 2006; Wineman,
2005). For rubber, typical values for the dimensionless parameter Jm for simple extension range from 30 to 100, whereas
for biological tissue, much smaller values of Jm are appropriate. For example, for human arterial wall tissue, values on the
order of 0.4–2.3 have been suggested by Horgan and Saccomandi (2003b). On using (2), we ﬁnd that the Cauchy stress asso-
ciated with (6) is given by
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Jm  ðI1  3Þ
B ð7Þso that the stress has a singularity as I1? Jm + 3, reﬂecting the rapid strain-stiffening observed in experiments. The ba-
sic Gent model (6) gives theoretical predictions similar to the more complicated eight-chain molecular model proposed
by Arruda and Boyce (1993); see also Boyce (1996) and Boyce and Arruda (2000). A molecular basis for the basic Gent
model was given by Horgan and Saccomandi (2002b). Thus the basic Gent model predicts similar behavior to the
molecular models, has a clear microscopic interpretation for the constitutive coefﬁcients, and is tractable analytically.
See Horgan and Saccomandi (2005, 2006) for a summary of results on explicit solution to a wide variety of bound-
ary-value problems. Details may be found in Horgan and Saccomandi (1999a,b, 2001a,b, 2003a), and Horgan et al.
(2002). The Gent model was used by Horgan et al. (2004) to describe the Mullins effect in rubber. A relation between
the Gent model and the worm-like chain model for long chain polymers was discussed in Ogden et al. (2006, 2007).
Applications to the mechanics of arterial walls are described in Horgan and Saccomandi (2003b) and in Ogden and Sac-
comandi (2007). On using analysis involving homogeneous deformations, new results on the fracture of rubber were
obtained by Horgan and Schwartz (2005) and an investigation of instabilities arising in cylindrical and spherical inﬂa-
tion of pressurized thin shells was carried out by Gent (1999, 2005) and by Kanner and Horgan (2007). See also Goriely
et al. (2006) where instabilities for spherical inﬂation and for half-spaces under lateral compression are considered. The
non-homogeneous deformations of plane strain bending of rectangular beams and torsion superimposed on extension of
solid circular cylinders were investigated by Kanner and Horgan (2008a,b). Surface waves on an elastic half-space for
the Gent model were studied by Destrade and Ogden (2005), while non-linear oscillations of thick-walled tubes were
investigated by Beatty (2007). The results obtained in these studies for large strains are radically different from predictions
of the classical models.
An alternative two-parameter limiting chain extensibility model withW(I1, I2, J) was proposed by Horgan and Saccomandi
(2004) and by Horgan and Murphy (2007) whereWHS ¼ l
2
ðJ  1Þ2
J
ln
J3  J2I1 þ JI2  1
ðJ  1Þ3
 !
; JI1  I2 <
J3  1
J
; J > 1; ð8Þor, on using the principal stretches of the deformationWHS ¼ l
2
ðJ  1Þ2
J
ln
1 k21J
 
1 k22J
 
1 k23J
 
1 1J
 3
0B@
1CA; k1k2k3 ¼ 1: ð9ÞIn (8) and (9), l is the shear modulus for inﬁnitesimal deformations. On formally replacing J by J + 1, one recovers the form of
W used in Horgan and Murphy (2007). Note that the deﬁnitions of WHS here differ from those in Horgan and Saccomandi
(2004, 2005, 2006) and in Horgan and Schwartz (2005) by a factor of (J  1)2/J2. The limiting chain extensibility parameter
J is the square of the maximum stretch allowed by the ﬁnite extensibility of the chains so thatmaxðk21; k22; k23Þ < J: ð10Þ
Again, in the limit as J?1 in (8) or (9), we recover the neo-Hookean model (4). There is an important difference
between the constraint (10) and the constraint I1 < Jm + 3 arising in connection with the Gent model. As already
pointed out in Horgan and Saccomandi (2003a, 2006), the limiting chain condition expressed in terms of the prin-
cipal invariant is less physically accessible than (10). This alternative approach to constitutive model development
reﬂecting limiting chain extensibility has been discussed by Horgan and Saccomandi (2002a), Murphy (2006), and
Horgan and Murphy (2007). Furthermore, the absence of the dependence on the second invariant in the basic Gent
model entails some physical limitations (see, e.g., Pucci and Saccomandi, 2002 and Ogden et al., 2004 for generaliza-
tions of the Gent model that include such dependence). Thus, the HS model has advantages over the basic Gent
model. The response of the HS model in homogeneous deformations such as simple extension, simple shear and equ-
ibiaxial extension was examined in Horgan and Schwartz (2005), Horgan and Murphy (2007), and in Kanner and
Horgan (2007). The non-homogeneous deformation of plane strain bending of a rectangular bar was discussed by
Kanner and Horgan (2008a) and the problem of torsion superimposed on extension of a circular bar was investigated
by Kanner and Horgan (2008b).
While our primary concern here is with limiting chain extensibility models such as the above that exhibit severe strain-
stiffening, we note that there are numerous strain-hardening constitutive models that have been successfully employed to
investigate the effects of a less abrupt strain-stiffening. A generalized neo-Hookean model of this type widely used in the bio-
mechanics literature is the two-parameter exponential strain-energy density proposed by Demiray (1972) based on the basic
idea of Fung (1967) namelyWF ¼ l
2b
fexp½bðI1  3Þ  1g; ð11Þ
where the dimensionless constant b > 0. On taking the limit as b? 0 in (11) we recover the neo-Hookean model (4).
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The problems of axial and azimuthal shearing of an incompressible long hollow circular cylinder were considered by Riv-
lin (1949) for a general incompressible isotropic hyperelastic material. The solutions obtained by Rivlin are controllable, i.e.,
valid for all incompressible isotropic hyperelastic solids. Experimental results on these problems are described in Rivlin and
Saunders (1951). For convenience of the reader, in this section we brieﬂy present a summary of the general expressions for
the stresses and resultant axial force arising in these problems. Some of our results are written in a somewhat different form
than those obtained by Rivlin (1949).
3.1. Axial shear
We shall ﬁrst consider the axial shear of a long circular cylindrical tube. Since the early work of Rivlin (1949) the axial
shear problem and its generalizations for incompressible materials has received some attention (see e.g., Ogden, 1984; Hor-
gan and Saccomandi, 1999b; Horgan et al., 2002; Wineman, 2005, and references cited therein). We assume the tube to be
composed of an incompressible isotropic hyperelastic material with a strain-energy such as those presented in Section 2. The
tube is subjected to a uniformly distributed axial shear traction applied to the outer surface, while the normal traction there
is zero. The inner surface of the tube is bonded to a rigid cylindrical core. The deformation is thus that of pure axial shear
described byr ¼ R; h ¼ H; z ¼ Z þwðRÞ; ð12Þ
where points in the undeformed conﬁguration have cylindrical coordinates (R,H,Z), with A 6 R 6 B, and (r,h,z) denote points
in the deformed conﬁguration. Thusw(R) is the axial displacement. The deformation gradient F, the left Cauchy–Green tensor
B, and its inverse are then given byF ¼
1 0 0
0 1 0
w0 0 1
0B@
1CA; B ¼ 1 0 w
0
0 1 0
w0 0 1þw02
0B@
1CA; B1 ¼ 1þw
02 0 w0
0 1 0
w0 0 1
0B@
1CA ð13Þwith principal invariants I1 = I2 = 3 + w
02, I3 = 1, where w
0
= dw/dR. On using the notationcW 1 ¼ oWoI1

I1¼I2¼3þw02
; cW 2 ¼ oWoI2

I1¼I2¼3þw02
; ð14Þthe non-zero stresses are given asTrr ¼ pþ 2cW 1  2cW 2ð1þw02Þ; Thh ¼ pþ 2cW 1  2cW 2;
Tzz ¼ pþ 2cW 1ð1þw02Þ  2cW 2; Trz ¼ 2 cW 1 þ cW 2 w0: ð15ÞThe equilibrium equations in absence of body forces divT = 0 reduce tooTrr
or
þ 1
r
ðTrr  ThhÞ ¼ 0; oTrzor þ
Trz
r
¼ 0: ð16ÞOn integration of (16)2 and use of the boundary conditionTrzðBÞ ¼ Ta; ð17Þ
where Ta > 0 is the prescribed constant axial shear on the outer surface, one obtainsTrz ¼ BTaR : ð18ÞThus, for a given Ta, the only non-zero shearing stress is easily determined. On substituting the last of (15) into (18) we ob-
tain a ﬁrst-order differential equation for w(R), namely2ðcW 1 þ cW 2Þw0 ¼ BTaR ; ð19Þ
which is subject to the boundary conditionwðAÞ ¼ 0: ð20Þ
We may now determine Trr by substituting (15)1,2 into (16)1 to yield the differential equationdTrr
dr
þ 1
r
ð2cW 2w02Þ ¼ 0; ð21Þwhich is subject to the boundary conditionTrrðBÞ ¼ 0: ð22Þ
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Z B
R
cW 2ðsÞ½w0ðsÞ2
s
ds ð23Þfor Trr. Note that cW 1 and cW 2 are functions of w0, which is determined from (19) and (20) for a given W. From (23) and (15)1
we ﬁnd thatpðRÞ ¼ 2
Z B
R
cW 2ðsÞ½w0ðsÞ2
s
dsþ 2cW 1  2cW 2ð1þw02Þ: ð24Þ
Use of (15) yields expressions for the remaining non-zero stresses in terms of Trr, namelyThh ¼ Trr þ 2cW 2w02; ð25Þ
Tzz ¼ Trr þ BTaR w
0: ð26ÞThe resultant axial force N at any ﬁxed cross-section is given byN ¼
Z 2p
0
Z B
A
Tzzrdrdh: ð27ÞOn using (26) and (23) and integrating by parts we obtainN ¼ 2p
Z B
A
A2
R
 R
 !cW 2w02 dRþ 2pBTawðBÞ: ð28Þ
It is of interest to note that for strain-energy densities of the form W =W(I1), i.e., generalized neo-Hookean models, the pre-
ceding expressions for the normal stresses and the resultant axial force may be greatly simpliﬁed and reduce toTrr ¼ Thh ¼ 0; Tzz ¼ BTaR w
0; N ¼ 2pBTawðBÞ; ð29Þwhere w
0
(R) and w(R) are determined fromcW 1w0 ¼ BTa2R ð30Þ
subject to w(A) = 0. These results were also obtained in Horgan and Saccomandi (1999b).
3.2. Azimuthal shear
We shall next consider the azimuthal (or circular) shear of a circular cylindrical tube composed of an incompressible iso-
tropic hyperelastic material. Rivlin (1949) was the ﬁrst to investigate this problem for general incompressible materials.
Since then the problem and extensions thereof have been examined by many authors (see e.g., Ogden, 1984; Simmonds
and Warne, 1992; Horgan and Saccomandi, 2001a; Tao et al., 1992). For the incompressible tube, with inner surface bonded
to a rigid cylinder and a uniformly distributed azimuthal shear traction applied to the outer surface, the deformation is that
of pure azimuthal shear described byr ¼ R; h ¼ Hþ gðRÞ; z ¼ Z; ð31Þ
where the material and spatial cylindrical polar coordinates are denoted by (R,H,Z) and (r,h,z), respectively, with A 6 R 6 B.
Thus g(R) is the angular displacement. Here we haveF ¼
1 0 0
Rg0 1 0
0 0 1
0B@
1CA; B ¼ 1 Rg
0 0
Rg0 1þ R2g02 0
0 0 1
0B@
1CA; B1 ¼ 1þ R
2g02 Rg0 0
Rg0 1 0
0 0 1
0B@
1CA ð32Þwith principal invariants I1 = I2 = 3 + R2g
02, I3 = 1, where g
0
= dg/dR. Thus the non-zero stresses areTrr ¼ pþ 2cW 1  2cW 2ð1þ R2g02Þ; Thh ¼ pþ 2cW 1ð1þ R2g02Þ  2cW 2; Tzz ¼ pþ 2cW 1  2cW 2; Trh
¼ 2 cW 1 þ cW 2 Rg0; ð33Þwhere we use the notation
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
I1¼I2¼3þR2g02
; cW 2 ¼ oWoI2

I1¼I2¼3þR2g02
: ð34ÞOn using a procedure similar to that outlined for axial shear, one can show that the only non-zero shearing stress isTrh ¼ B
2
R2
T0; ð35Þwhere T0 > 0 is the prescribed azimuthal shear stress on the outer boundary. Thus, the only non-zero shearing stress is easily
determined for a given T0. The governing equation for g(R) is then2ðcW 1 þ cW 2ÞRg0 ¼ B2T0
R2
: ð36ÞFor a given W, the angular displacement g(R) is to be obtained from (36), subject to the boundary conditiongðAÞ ¼ 0: ð37ÞOn using the equilibrium equations and (36) one ﬁnds thatTrrðRÞ ¼ B2T0
Z B
R
g0ðsÞ
s2
ds; ð38Þ
Thh ¼ Trr þ 2ðcW 1 þ cW 2ÞR2g02 ¼ Trr þ B2T0 g0R ; ð39Þ
Tzz ¼ Trr þ 2cW 2R2g02: ð40ÞThe resultant axial force N necessary to maintain the deformation is given byN ¼
Z 2p
0
Z B
A
Tzzrdrdh: ð41ÞOn using (40), (38), and integrating by parts we obtainN ¼ p
Z B
A
B2A2T0g0
R2
þ 4cW 2R3g02 !dR pB2T0gðBÞ: ð42ÞFor strain-energy densities of the formW =W(I1), the preceding expressions for the normal stresses and the resultant ax-
ial force simplify considerably and reduce toThh ¼ Trr þ 2cW 1R2g02 ¼ Trr þ B2T0 g0R ; Tzz ¼ Trr ; N ¼ p
Z B
A
B2A2T0g0
R2
dR pB2T0gðBÞ; ð43Þwhere Trr is given by (38), and g
0
(R) and g(R) are determined fromcW 1g0 ¼ B2T0
2R3
ð44Þsubject togðAÞ ¼ 0: ð45Þ4. Stress responses for classical constitutive models
4.1. Axial shear
It is instructive ﬁrst to examine here the special case of a Mooney–Rivlin material with strain-energy given by (3) in
which case (19) readsw0 ¼ BTa
lR
: ð46ÞNote that the parameter a that appears in the deﬁnition (3) does not occur in (46) and thus (46) is also valid for the neo-
Hookean model where a = 1. On integration of (46) and use of the boundary condition w(A) = 0, we obtain the well-known
result (see Rivlin, 1949)wðRÞ ¼ BTa
l
ln
R
A
 
: ð47Þ
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T2a
2l
ð1 aÞ 1 B
R
 2" #
; TMRhh ¼
T2a
2l
ð1 aÞ 1þ B
R
 2" #
; ð48Þ
TMRzz ¼
T2a
2l
ð1 aÞ þ ð1þ aÞ B
R
 2" #
; TMRrz ¼
BTa
R
; ð49Þand the resultant axial force is found to beNMR ¼ 2p T
2
a
l
1
4
ð1 aÞðB2  A2Þ þ 1
2
ð1þ aÞB2 ln B
A
  
: ð50ÞThe normal stresses depend on the prescribed axial shear stress Ta in a quadraticmanner and illustrate the normal stress effect
characteristic of non-linear elasticity theory. The shear stress depends linearly on Ta. The hoop and axial stresses are tensile
while the radial stress is compressive. The resultant axial force (50) is also tensile. When we set a = 1 in the preceding, we
recover the results for the neo-Hookean model so thatTnHrr ¼ TnHhh ¼ 0; TnHzz ¼
T2a
l
B
R
 2
; TnHrz ¼
BTa
R
; NnH ¼ 2pB
2T2a
l
ln
B
A
 
: ð51Þ4.2. Azimuthal shear
For the Mooney–Rivlin model, Eq. (36) readsg0 ¼ B
2T0
R3l
; ð52Þwhich is again independent of a. On integration of (52) and use of the boundary condition g(A) = 0, we obtain the well-known
result (see, e.g., Rivlin, 1949; Ogden, 1984)gðRÞ ¼ B
2T0
l
Z R
A
s3 ds ¼ T0
2l
B
A
 2
 B
R
 2" #
: ð53ÞThus, we ﬁnd the non-zero stresses asTMRrr ¼
T20
4l
1 B
R
 4" #
; TMRhh ¼
T20
4l
1þ 3 B
R
 4" #
; ð54Þ
TMRzz ¼ Trr þ
T20
l
1 að Þ B
R
 4
; TMRrh ¼
B2T0
R2
; ð55Þand the resultant axial force asNMR ¼ p T
2
0
l
1
4
ðB2  A2Þ2
A2
" #
þ ð1 aÞ B
A
 2
ðB2  A2Þ
( )
: ð56ÞThe hoop stress is tensile while the radial stress is compressive. The axial stress, however, may be compressive or tensile
depending on a and R. This, in turn, implies that the resultant axial force (56) necessary to maintain the deformation may
be compressive or tensile depending on a and the aspect ratio of the tube. This important feature, which does not appear to
have been noticed previously in the literature, will be discussed in more detail in Section 6. Note that the parameter a that ap-
pears in the deﬁnition of the Mooney–Rivlin model only occurs in (55)1 and (56) so that except for these two equations, all
the preceding results also hold for the neo-Hookean model. When we set a = 1, we obtain results for the neo-Hookean model
asTnHzz ¼ TnHrr ¼
T20
4l
1 B
R
 4" #
; TnHhh ¼
T20
4l
1þ 3 B
R
 4" #
; ð57Þ
TnHrh ¼
B2T0
R2
; NnH ¼ p T
2
0
4lA2
B2  A2
 2
: ð58ÞHere, the axial stress and resultant axial force are always compressive.
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5.1. Axial shear
For the model deﬁned in (8), we ﬁnd thatcW 1 ¼ l2 ðJ  1ÞJJ2  ð2þw02ÞJ þ 1
" #
; cW 2 ¼ 1J cW 1; ð59Þ
and so (19) reads2w0 1 1
J
  ðJ  1ÞJ
J2  ð2þw02ÞJ þ 1
" #
¼ 2BTa
lR
: ð60ÞEq. (60) can be written as a quadratic equation in w
0
with positive solutionw0ðRÞ ¼ n
eJ
2
½f ðRÞ  R; ð61Þwhere we have introduced the notationeJ  ðJ  1Þ2
J
; n  l
BTa
; f ðRÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ 4
n2eJ
s
: ð62ÞIntegration of (61) and use of the boundary condition (20) yieldswðRÞ ¼ n
eJ
4
½Rf ðRÞ  Af ðAÞ þ A2  R2 þ 1
n
ln
f ðRÞ þ R
f ðAÞ þ A
 
: ð63ÞWe may now calculate the non-zero stresses to beTHSrr ¼
lðJ  1Þ
2J
 f ðRÞ
R
þ f ðBÞ
B
þ ln Bf ðRÞ þ BR
Rf ðBÞ þ BR
 
 
; ð64Þ
THShh ¼ THSrr 
lðJ  1Þ
2J
f ðRÞ
R
 1
 
¼ lðJ  1Þ
2J
f ðBÞ
B
 1þ ln Bf ðRÞ þ BR
Rf ðBÞ þ BR
 
 
; ð65Þ
THSzz ¼ THSrr þ
leJ
2
f ðRÞ
R
 1
 
¼ lðJ  1Þ
2J
J f ðRÞ
R
þ f ðBÞ
B
þ J  1þ ln Bf ðRÞ þ BR
Rf ðBÞ þ BR
 
 
; ð66Þ
THSrz ¼
BTa
R
; ð67Þand the resultant axial force isNHS ¼ lp2 ðJ  1Þ ð2J1Þ2J Bf ðBÞ  ð2Jþ1Þ2J Af ðAÞ þ 1J A
2
B f ðBÞ þ ð2J1Þ2J ðA2  B2Þ
hn
þ A2J ln Bf ðAÞþABAf ðBÞþAB
 i
þ 2
n2
ð2J1Þ
ðJ1Þ ln
f ðBÞþB
f ðAÞþA
 o
:
ð68ÞIt can be shown that the radial and axial stresses are tensile (and so NHS is tensile) while the hoop stress is compressive.
For comparison purposes, we now list the corresponding results for the Gent model obtained in Horgan and Saccomandi
(1999b) aswðRÞ ¼ nJm
4
½RfmðRÞ  AfmðAÞ þ A2  R2 þ 1n ln
fmðRÞ þ R
fmðAÞ þ A
 
; ð69Þ
TGrr ¼ TGhh ¼ 0; TGzz ¼
lJm
2
fmðRÞ
R
 1
 
; TGrz ¼
BTa
R
; ð70Þ
NG ¼ lp
2
Jm½BfmðBÞ  AfmðAÞ þ A2  B2 þ
4
n2
ln
fmðBÞ þ B
fmðAÞ þ A
 
 
; ð71Þwhere fm(R) is the same as f (R), deﬁned in (62)3 upon formally replacing eJ with Jm. On comparing (69) with (63), we see that
the displacements for both models are identical on making this formal replacement. The radial and hoop stresses are now zero,
while the axial stress and its resultant are tensile.
For a material with strain-energy density given by the Fung exponential model (11), the differential equation (19)
for w(R) isw0 exp bw02
 
¼ BTalR ð72Þ
5472 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 5464–5482subject tow(A) = 0. This problem does not appear amenable to analytic solution and so a numerical scheme was employed to
generate results that will be described in Section 6.
5.2. Azimuthal shear
For the model deﬁned in (8), we ﬁnd thatcW 1 ¼ l2 J  1ð ÞJJ2  ð2þ R2g02ÞJ þ 1
" #
; cW 2 ¼ 1J cW 1; ð73Þ
and so (36) readsl ðJ  1Þ
2
J2  ð2þ R2g02ÞJ þ 1
" #
R3g0 ¼ B2T0: ð74ÞEq. (74) can be written as a quadratic equation in Rg
0
with positive solutionRg0 ¼ d
eJ
2
½hðRÞ  R2; ð75ÞwhereeJ  ðJ  1Þ2
J
; d  l
B2T0
> 0; hðRÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R4 þ 4
d2eJ
s
: ð76ÞNotice that this deﬁnition of eJ is identical to (62)1, which was used for the axial shear problem. On integration of (75) and
using the boundary condition g(A) = 0, we obtaingðRÞ ¼ d
eJ
4
½hðRÞ  hðAÞ þ A2  R2 
eJ1=2
2
ln
A
R
 2 hðRÞ þ 2
deJ1=2
hðAÞ þ 2
deJ1=2
24 35: ð77Þ
On taking the limit as J?1, i.e., as eJ !1, in (77), we recover the result (53) for the neo-Hookean material. On using (75) in
(38) we ﬁnd thatTrrðRÞ ¼ B
2T0
2
Z B
R
 d
eJ
s
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4eJ þ d2eJ2s4q
s3
24 35ds ð78Þ
so thatTHSrr ðRÞ ¼
leJ
4
hðRÞ
R2
þ hðBÞ
B2
þ ln B
2hðRÞ þ B2R2
R2hðBÞ þ B2R2
" #( )
: ð79ÞThe remaining non-zero stresses areTHShh ¼ THSrr þ
B2T0
R
g0 ¼ l
eJ
4
hðRÞ
R2
þ hðBÞ
B2
 2þ ln B
2hðRÞ þ B2R2
R2hðBÞ þ B2R2
" #( )
;
THSzz ¼ THSrr 
lðJ  1Þ
2J
hðRÞ
R2
 1
 
;
THSrh ¼
B2T0
R2
;
ð80Þand the resultant axial force is found to beNHS ¼ lpðJ  1Þ
4
ðJ þ 1Þ
J


hðBÞ þ 2hðAÞ  J  1
J
A2
B2
hðBÞ þ J þ 1
J
ðB2  A2Þ þ J  1
J
A2 ln
A2hðBÞ þ A2B2
B2hðAÞ þ A2B2
" #)
þ pðJ þ 1ÞT0B
2
2
ﬃﬃ
J
p ln hðBÞ þ 2d ﬃﬃeJp
hðAÞ þ 2
d
ﬃﬃeJp
264
375: ð81Þ
It can be shown that the hoop stress is tensile while the radial and axial stresses are compressive and so NHS is compressive.
For comparison purposes, we now list the corresponding results for the Gent model obtained in Horgan and Saccomandi
(2001a), namely
1 *We
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4
½hmðRÞ  hmðAÞ þ A2  R2  Jm2 ln
A
R
 2 hmðRÞ þ 2dJm
hmðAÞ þ 2dJm
" #
; ð82Þ
TGrr ¼ TGzz ¼
lJm
4
hmðRÞ
R2
þ hmðBÞ
B2
þ ln B
2hmðRÞ þ B2R2
R2hmðBÞ þ B2R2
" #( )
; ð83Þ
TGhh ¼
lJm
4
hmðRÞ
R2
þ hmðBÞ
B2
 2þ ln B
2hmðRÞ þ B2R2
R2hmðBÞ þ B2R2
" #( )
; ð84Þ
TGrh ¼
B2T0
R2
: ð85ÞWe calculate the resultant axial force to beNG ¼ lpJm
4
hmðBÞ þ 2hmðAÞ  A
2
B2
hmðBÞ þ B2  A2 þ A2 ln A
2B2 þ A2hmðBÞ
A2B2 þ B2hmðAÞ
" #( )
þ p
ﬃﬃﬃﬃﬃ
Jm
p
T0B
2
2
ln
A
B
 2 hmðBÞ þ 2
d
ﬃﬃﬃﬃ
Jm
p
hmðAÞ þ 2
d
ﬃﬃﬃﬃ
Jm
p
24 35;
ð86Þwhere hm(R) is the same as h(R) deﬁned in (76)3 upon formally replacing eJ with Jm. On comparing (82) with (77), we see that
the displacements for both models are identical on making this formal replacement. It may be shown that the hoop stress is
tensile while the radial and axial stresses are compressive so that NG is also compressive.
For the exponential model (11), the differential equation (36) for g(R) isRg0 expðbR2g02Þ ¼ B
2T0
lR2
ð87Þsubject to g(A) = 0. This problem does not appear amenable to analytic solution and so a numerical scheme was employed to
generate results that will be described in Section 6.
6. Discussion
6.1. Axial shear
We begin by examining the axial displacement w(R) predicted by each of the models. For the Mooney–Rivlin and neo-
Hookean models we obtain the non-dimensional axial displacement from (47) aswðRÞ
A
¼ gTa lnR; ð88Þ
where we have deﬁned the non-dimensional quantities asR ¼ R
A
; g ¼ B
A
ð> 1Þ; Ta ¼ Tal : ð89ÞFor the model (8), we ﬁnd from (63) thatwðRÞ
A
¼
eJ
4Tag
ð1 R2Þ þ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ 4Ta2g2=eJq  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ 4Ta2g2=eJq þ Tag ln Rþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ 4Ta2g2=eJq
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2g2=eJq
0B@
1CA
264
375; ð90Þwhere we recall from (62) that eJ ¼ ðJ  1Þ2=J. Furthermore, (90) is valid for the Gent model if we formally replace eJ with Jm. In
Fig. 1a, the non-dimensional axial displacement is plotted versus R over a range of values of Ta for the Mooney–Rivlin and
neo-Hookean models, while a similar plot is shown in Fig. 1b for the model (9) with J = 99.2, which is identical to the Gent
model with Jm = 97.2. The value Jm = 97.2 was suggested by Gent (1996) on the basis of experiments on rubber. For the Fung
model (11), the initial value problem corresponding to the ﬁrst-order ordinary differential equation (72) was solved on using
a numerical scheme developed by Warne et al. (2006) based on conversion to an autonomous initial value problem for a sys-
tem with polynomial form, and the results1 are plotted in Fig. 1c for b = 0.01. The aspect ratio of the tube in Figs. 1a–c is taken
to be g = B/A = 2. It is seen from Fig. 1b and c that the predictions for both classes of strain-stiffening materials are similar. On
comparing with Fig. 1a, we see that at a given distance R from the inner boundary the axial displacement at each value of load-
ing is smaller for the strain-stiffening models, as might be anticipated.
To further compare the predictions of the different material models, we now consider the relative axial displacement,
deﬁned byd ¼ wðBÞ: ð91Þare grateful to Professors Paul Warne and Debra Polignone Warne for generating these numerical results.
Fig. 1. Non-dimensional axial displacement versus R ¼ R=A over a range of values of Ta for (a) the Mooney–Rivlin or neo-Hookean model, (b) the HS model
with J = 99.2, which is identical to the Gent model with Jm = 97.2, and (c) the Fung exponential model with b = 0.01. The aspect ratio of the tube is g = B/A = 2.
5474 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 5464–5482Since the inner boundary is ﬁxed, this provides a measure of the total displacement of the annular region. For the Mooney–
Rivlin and neo-Hookean materials, we thus obtain from (91) and (47) the well-known result
Fig. 2.
identica
and (b)
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A
¼ Tag lnðgÞ; ð92Þexhibiting a linear relationship between d and Ta.
For the HS model, we obtain the counterpart of (92) asd
A
¼
eJ
4Tag
ð1 g2Þ þ g2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2=eJq  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ 4Ta2g2=eJq þ Tag ln g 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2=eJq
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2g2=eJq
0B@
1CA
264
375: ð93ÞWe ﬁnd that (93) also holds for the Gent model if we formally replace eJ with Jm. It is important to observe the following
asymptotic results for the HS and Gent models, namelylim
Ta!1
d
A
¼ J  1
J1=2
ðg 1Þ and lim
Ta!1
d
A
¼ J1=2m ðg 1Þ; ð94Þrespectively. The ﬁnite value of these limits reﬂects the limiting chain extensibility character of the HS and Gent models and
shows that the relative axial displacement is limited by the constraints inherent in these models. In Fig. 2a, we plot d/A ver-
sus Ta (with g = 2) for the Mooney–Rivlin or neo-Hookean model (in which case we have a straight line) and for the HS model
with J = 99.2 and 4.042, which is identical to the Gent model with Jm = 97.2 and 2.289, respectively. The value Jm = 97.2 was
suggested by Gent (1996) on the basis of experiments on rubber, while the value Jm = 2.289 was proposed by Horgan and
Saccomandi (2003b) based on a study of longitudinal oscillations of soft tissue strips. For small Ta, the results for all the mod-
els are similar but as Ta increases, we see a signiﬁcant difference in the behavior of the strain-stiffening models. From (94)
with g = 2, we see that as Ta !1, the latter curves tend to a horizontal asymptote d=A ¼ ðJ  1Þ=J1=2 ¼ J1=2m . In Fig. 2b the
corresponding results for the Fung exponential model are given for a range of values of the parameter b. These results were
again obtained on using the numerical scheme developed byWarne et al. (2006). While these results are qualitatively similarTotal non-dimensional axial displacement for (a) the Mooney–Rivlin or neo-Hookean model (solid line), the HS model with J = 99.2, which is
l to the Gent model with Jm = 97.2 (dotted curve), the HS model with J = 4.042, which is identical to the Gent model with Jm = 2.289 (dashed curve),
the Fung exponential model for a range of values of the parameter b. The aspect ratio of the tube is g = B/A = 2.
5476 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 5464–5482to one another, it should be noted that asymptotic results of the type (94) do not hold for the exponential model and so the
curves in Fig. 2b all tend to inﬁnity as Ta !1:
We turn now to the resultant axial force N. We ﬁnd thatFig. 3.
the HS
coincidNMR
2plA2
¼ T2a
1
4
ð1 aÞðg2  1Þ þ 1
2
ð1þ aÞg2 lnðgÞ
 
; ð95Þ
NnH
2plA2
¼ T2ag2 lnðgÞ; ð96Þ
NHS
2plA2
¼ ðJ  1Þ
4
ð2J  1Þ
2J
ð1 g2Þ þ ð2J  1Þ
2J
g2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2a=eJq  ð2J þ 1Þ2J
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2ag2=eJq
þ 1
J
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2a=eJq þ 1J ln 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2ag2=eJq
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2a=eJq
0B@
1CA
375þ T2ag2
2
ð2J  1Þ
ðJ  1Þ ln g
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2a=eJq
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4T2ag2=eJq
0B@
1CA; ð97Þ
NG
2plA2
¼ Jm
4
ð1 g2Þ þ g2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2=Jm
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2g2=Jm
q 
þ Ta2g2 ln g
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2=Jm
q
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Ta2g2=Jm
q
0B@
1CA: ð98Þ
This result for the Gent model was obtained previously by Horgan and Saccomandi (1999b). For ﬁxed aspect ratios g = B/A,
we see that the resultant axial force for the Mooney–Rivlin and neo-Hookean models is quadratic in Ta while for the HS and
Gent models, the dependence on Ta is more complicated. The results (95)–(98) are plotted in Fig. 3 for a = 0.5, J = 99.2 and
4.042, and Jm = 97.2 and 2.289, respectively. For the larger values of J and Jm, the curves for the HS and Gent models are vir-
tually coincident while for the smaller values of the extensibility parameters, the HS model yields a slightly larger resultant
force. We recall that the higher values of the extensibility parameters correspond to a rubbery material, while the lower val-
ues correspond to a relatively stiff material such as biological tissue. The aspect ratio of the tube is taken to be g = 2. For ﬁxed
values of the applied traction, the resultant axial force is seen to be smaller for the strain-stiffening models. The rate of in-
crease of the resultant axial force with applied traction is also smaller for these models.
6.2. Azimuthal shear
We begin by examining the angular displacement function g(R) predicted by each of the models. For the Mooney–Rivlin
and neo-Hookean models we obtain from (53) the angular displacement asgðRÞ ¼ T0g
2
2
1 1
R
 2" #
; ð99Þwhere the non-dimensional quantities are deﬁned as in (89). For the HS model, we ﬁnd thatgðRÞ ¼
eJ1=2
2
eJ1=2
2T0g2
ð1 R2Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ
eJR4
4ðT0g2Þ2
vuut 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ
eJ
4ðT0g2Þ2
vuut  ln 1
R
 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þeJR4=4ðT0g2Þ2q þ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þeJ=4ðT0g2Þ2q þ 1
0B@
1CA
264
375
8><>:
9>=>;: ð100ÞResultant axial force N for the neo-Hookean, Mooney–Rivlin, HS, and Gent models. Results for the Mooney–Rivlin model are shown with a = 0.5, for
model with J = 99.2 and 4.042, and for the Gent model with Jm = 97.2 and 2.289. For the larger values of these parameters the curves are virtually
ent. The aspect ratio of the tube is g = B/A = 2.
L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 5464–5482 5477Furthermore, (100) is valid for the Gent model if we formally replace eJ with Jm. The angular displacement is plotted versus R
over a range of values of T0 for the Mooney–Rivlin or neo-Hookean model in Fig. 4a, the HS model with J = 99.2, which is
identical to the Gent model with Jm = 97.2 in Fig. 4b, and for the Fung exponential model in Fig. 4c with b = 0.01. The latterFig. 4. Angular displacement versus R ¼ R=A over a range of values of T0 for (a) Mooney–Rivlin or neo-Hookean model, (b) the HS model with J = 99.2, which
is identical to the Gent model with Jm = 97.2, and (c) the Fung exponential model with b = 0.01. The aspect ratio of the tube is g = B/A = 2.
5478 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 5464–5482results were obtained numerically. The aspect ratio is taken to be g = B/A = 2. It is seen from Fig. 4b and c that the predictions
for both classes of strain-stiffening materials are similar. On comparing these results with those in Fig. 4a, we see that, at a
given distance R from the inner boundary, the angular displacement at each value of loading is smaller for the strain-stiff-
ening models, as might be anticipated.
We next consider the dependence of the relative angle of twist, deﬁned byFig. 5.
Jm = 97.
modelW ¼ gðBÞ; ð101Þ
on the prescribed azimuthal shear T0. For the Mooney–Rivlin and neo-Hookean materials, (53) yieldsW ¼ T0
2
ðg2  1Þ; ð102Þwhich is the well-known linear relation between W and T0.
For the HS model we obtainW ¼
eJ1=2
2
eJ1=2
2
1
T0
1
g2
 1
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þeJ=4T02q  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ eJ=4T02g4q  ln 1g2 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ eJ=4T02q
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þeJ=4T02g4q
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8><>:
9>=>;: ð103ÞThis coincides with the result obtained by Horgan and Saccomandi (2001a) for the Gent model if Jm is formally replaced by eJ .
We see from (103) thatlim
T0!1
W ¼ J  1
J1=2
lng and lim
T0!1
W ¼ J1=2m lng ð104Þfor the HS and Gent models, respectively. These asymptotic results reﬂect the limiting chain extensibility inherent in the two
models. In Fig. 5a, we plotW versus T0 (with g = 2) for the Mooney–Rivlin or neo-Hookean model (in which case we have aAngle of twist for (a) the Mooney–Rivlin or neo-Hookean model (solid line), the HS model with J = 99.2, which is identical to the Gent model with
2 (dotted curve), the HS model with J = 4.042, which is identical to the Gent model with Jm = 2.289 (dashed curve) and (b) the Fung exponential
for a range of values of the parameter b. The aspect ratio of the tube is g = B/A = 2.
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Fig. 5b, the corresponding results for the Fung exponential model are given for a range of values of the parameter b. These
results were again obtained on using the numerical scheme developed by Warne et al. (2006). While these results are qual-
itatively similar to one another, it should be noted that asymptotic results of the type (104) do not hold for the exponential
model and so all the curves in Fig. 5b tend to inﬁnity as T0 !1:
We turn now to the resultant axial force N necessary to maintain the assumed azimuthal shear deformation. We obtainFig. 6.
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The results (106)–(108) are plotted in Fig. 6 for g = 2 for J = 99.2 and 4.042, and Jm = 97.2 and 2.289, respectively. For the lar-
ger values of these parameters, the curves for the HS and Gent models are close to one another while for the smaller values
(appropriate for biological tissue) the curves are quite distinct. For ﬁxed values of the applied traction, the magnitude of the
resultant axial force is seen to be smaller for the strain-stiffening models than for the neo-Hookean model. The rate of in-
crease of the magnitude of the resultant axial force with applied traction is also smaller for these models.
Note from (106) that for the neo-Hookean material, N is always negative and so a compressive force is required to sustain
pure azimuthal shear. The same result can also be shown for the HS and Gent models on using (107) and (108), respectively.
In the absence of such a compressive force, the tube would undergo an axial extension. In fact, for all generalized neo-Hook-
ean materialsW(I1) for whichW1 > 0, it follows from (44) that g
0
(R) > 0 and so (38) shows that Trr(R)< 0. By virtue of (43)2, we
thus have Tzz(R) < 0 and so N < 0. In particular, for the generalized neo-Hookean exponential model (11), for which analytical
results are not available, we see that N is compressive.
For the Mooney–Rivlin model, however, the result is more complicated. From (105) it can be shown that N < 0 if and only
ifg >
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a 3
p and a > 3=4: ð109ÞResultant axial force N for the neo-Hookean, HS, and Gent models. The HS model is shown with J = 99.2 and 4.042, and the Gent model is shown with
2 and 2.289. The aspect ratio of the tube is g = B/A = 2.
Fig. 7. Resultant axial force N for the Mooney–Rivlin model with a = 1 (neo-Hookean), 7/8, 13/16, 3/4, and 1/2. The aspect ratio of the tube is g = B/A = 2.
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for the axial force to be compressive. Experimental work of Rivlin and Saunders (1951) suggest that a = 7/8 for vulcanized
rubber, which implies that N < 0 for this particular rubber tube if and only ifg >
ﬃﬃﬃ
2
p
: ð110ÞAlternatively, the condition (109) shows that N < 0 if and only ifa >
3
4
þ 1
4g2
: ð111ÞThus, for a given g > 1, (111) restricts the range of the material parameter a for which N < 0. For a thin-walled tube, we have
g = 1 + e (e 1) and so (111) implies that N < 0 if and only if a is close to 1, i.e., the material is ‘‘close to being” neo-Hookean.
We also note from (105) that whena ¼ 3
4
þ 1
4g2
; ð112Þi.e.,g ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a 3
p ða > 3=4Þ; ð113Þthen N = 0. Thus, for a given aspect ratio g, one can obtain from (112) a value of the Mooney–Rivlin constant a such that there is no
axial force required to sustain pure azimuthal shear. Conversely, for a given Mooney–Rivlin material such that a > 3/4, there is al-
ways a speciﬁc aspect ratio, i.e. that given by (113), for which N = 0.
The results (109) and (111) can be further explained from an analysis of the axial stress (55)1. On using (54)1, we write
(55)1 asTMRzz ¼
T20
4l
1þ ðB
R
Þ4ð3 4aÞ
 
; ð114Þwhere we recall that B is the outer radius of the tube. It follows from (114) that TMRzz > 0 ifR > B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a 34
p
; a > 34 ;
all R; a 6 34 :
(
ð115ÞFor a < 1, we have 4a  3 < 1. Thus, if 3/4 < a < 1, the axial stress is tensile on the outer part of the tube and compressive on
the inner part, and when a 6 3/4 the stress is always tensile. These results for the Mooney–Rivlin model and their implications
for the resultant axial force are somewhat surprising and to the best of our knowledge have not been noticed previously in the lit-
erature. In Fig. 7, the resultant axial force N is plotted versus T0 for the Mooney–Rivlin model with g = 2 for various values of
a. Notice that when g = 2, as in Fig. 7, the result (111) shows that N < 0 when a > 13/16. In Fig. 7, the values of a for the Moo-
ney–Rivlin model were chosen to show positive, zero, and negative values of N.
7. Concluding remarks
Our objective in this paper was to investigate the effects of strain-stiffening for the classical problems of axial and azimuthal
shearing of a long circular tube composed of an incompressible isotropic non-linearly elastic material. While such problems
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lems are of interest in the context of biomechanics of soft tissues. Our particular focus here was on obtaining explicit results
for the stress response for special classes of constitutive models that give rise to strain-stiffening in their stress–stretch curves
at large strains. The ﬁrst class of constitutive models that we employed reﬂects limiting chain extensibility at the molecular
level and gives rise to severe strain-stiffening. The second class exhibits a less abrupt strain-stiffening, for example, the expo-
nential models widely used in biomechanics. For the two limiting chain extensibility models considered in detail, the second
of which depends on both invariants of the Cauchy–Green tensor, one recovers the classical neo-Hookean model as the lim-
iting chain parameter tends to inﬁnity, while for the exponential model, the neo-Hookean model arises in the limit as a hard-
ening parameter tends to zero. For both shearing problems, it was possible in the case of the limiting chain extensibility
models to obtain closed form analytic solutions for the displacements, stresses and resultant axial force. In contrast, for the Fung
exponential model, a numerical scheme was required. Thus the limiting chain models offer advantages over the exponential
models for application to the biomechanics of soft tissues (see, e.g., Horgan and Saccomandi, 2003b, 2006 for a discussion
of further contrasts between these models). Furthermore, since the second limiting chain model depends on both invariants
of the Cauchy–Green tensor, it was possible to examine explicitly the effects of this dependence.While the pointwise and total
displacement proﬁles obtained for both classes of strain-stiffening models were qualitatively similar, the total shear that the
tube can sustainwas shown to be limited by the constraints inherent in the limiting chainmodels whereas no such limit arises
for the exponential model. For the azimuthal shear problem, it was shown that the resultant axial force necessary to maintain
the deformation is compressive for all the models considered except for the Mooney–Rivlin material. In the absence of such a
force, the tube would elongate in the axial direction. However, it was shown that for a Mooney–Rivlin material, the resultant
axial force is compressive only if certain conditions on the geometry and on thematerial parameter are satisﬁed. To the best of
our knowledge, this surprising result with important implications for experimental work has not been previously noticed in the lit-
erature and illustrates yet again the unexpected features that can arise in problems of ﬁnite elasticity.
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